Abstract. We prove that the set of all weak solutions of the Volterra integral equation (1) is nonempty, compact and connected.
Assume that D = [0, a] is a compact interval in R, E is a sequentially weakly complete Banach space, B = {x ∈ E : x b}. We prove the existence of a weak solution of the integral equation 
• K(t, s) = H(t, s)
(t − s) r , 0 < r < 1, where H is a real continuous function. Moreover, we study the topological structure of the set of all weak solutions of (1) . In what follows we shall need the following result of W. Mydlarczyk given in [6] . 
Denote by C w (J, E) the space of weakly continuous functions J → E endowed with the topology of weak uniform convergence. Moreover, denote by β the measure of weak noncompactness introduced by De Blasi [2] .
Let us recall that for any nonvoid, bounded subset A of a Banach space E, β(A) = inf{ε > 0 : there exists a weakly compact set K such that A ⊂ K + εB}, where B is the norm unit ball. Recall that β has the following properties: 
LetB denote the set of all weakly continuous functions J → B. We shall considerB as a topological subspace of C w (J, E). Put
Arguing similarly as in [4, p. 132-133] we can prove that the set F (B) is strongly equicontinuous. On the other hand, from the following Krasnoselskiȋ type Lemma 2. For any ϕ ∈ E * , ε > 0 and z ∈B there exists a weak neighbourhood
It follows that F is a continuous mapping fromB into C w (J, E). For given ε > 0 denote by S ε the set of all z ∈B such that z(t) − F (z)(t) < ε for all t ∈ J.
Proof. For any positive integer n we define F n (x)(t) = F (x)(r n (t)) (x ∈B, t ∈ J), where
Because the set F (B) is equicontinuous, we have w n → 0 as n → ∞. Moreover, there exists a unique z n ∈B such that z n = F n (z n ). It is clear from (2) that z n ∈ S ε for sufficiently large n.
and δ = ε − η. Fix a positive integer n such that 2w n < δ. Let
It follows from (2) that
Arguing similarly as in [8, p . 122] we can prove that for each λ ∈ [0, 1] there exists a unique u λ such that u λ = a λ + F n (u λ ) and u λ depends continuosly on λ.
we have
From this and inequalities (2)-(3) we obtain
so that u λ ∈ S ε . From this we conclude that for any u 0 , u 1 ∈ S ε there exists a continuous curve in S ε connecting u 0 and u 1 , which proves that S ε is arcwise connected.
The main result of the paper is the following 
If 1
• and 2
• hold and
then the set S of all weak solutions of (1) defined on J is nonempty, compact and connected in C w (J, E).
Proof. 1. First we shall show that the set S is nonempty. By Lemma 3 there exists a sequence (u n ) such that u n ∈B and (6) lim
it follows from (6) that the set V is strongly equicontinuous and
Hence, by Lemma 1, the function t → v(t) = β(V (t)) is continuous on J.
Fix t ∈ J and ε > 0, and choose η > 0 such that
From the continuity of the function H(t, s) (t − s) r g(v(s)) on [0, t−η]
it follows that there exists δ > 0 such that
we get
.
Furthermore, from inequality (8) we infer that
from inequalities (8) and (9) it follows that
As the last inequality is satisfied for every ε > 0, we get
Therefore, by (7),
Applying Theorem 1 with α = 1 − r and theorem on integral inequalities [3, Lemma 1] from this we deduce that v(t) = 0 for t ∈ J. Therefore, by Lemma 1 β(V (J)) = sup{β(V (t)) : t ∈ J} = 0 i.e., V is relatively compact in C w (J, E). Hence we can find a subsequence (u n k ) of (u n ) which converges in C w (J, E) to a limit u. As F is continuous, from this and (6) we conclude that u = F (u). This proves that the set S is nonempty.
2. Further, since F is continuous, S is closed in C w (J, E). As S = F (S), we have β(S(t)) = β(F (S)(t)) for t ∈ J. Arguing similarly as in 1, we can show that S is compact in C w (J, E). Now we shall prove that S is connected. Suppose that S is not connected in C w (J, E). As S is compact, there are nonempty compact sets S 1 , S 2 such that S = S 1 ∪ S 2 and S 1 ∩ S 2 = ∅, and there are two disjoint open sets U 1 , U 2 such that S 1 ⊂ U 1 , S 2 ⊂ U 2 . Let U = U 1 ∪ U 2 . We choose n 0 such that 1/n 0 < b − L. Suppose that for each n n 0 there exists u n ∈ S 1/n U . Put V = {u n : n ∈ N }. Because lim n→∞ sup t∈J u n (t) − F (u n )(t) = 0, by repeating the argument from 1 we can prove that there exists u 0 ∈ V such that u 0 = F (u 0 ), i.e., u 0 ∈ S. Furthermore, V ⊂ C w (J, E) U , as U is open, so that u 0 ∈ S U , a contradiction. Therefore there exists k ∈ N such that S 1/k ⊂ U . Since U 1 ∩ S 1/k = ∅ = U 2 ∩ S 1/k , this shows that S 1/k is not connected, which contradicts Lemma 3. Hence S is connected.
